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Abstract 

Integrable hierarchies associated with the singular sector of the 
KP hierarchy, or equivalently, with 5-operators of non-zero index are 
studied. They arise as the restriction of the standard KP hierarchy 
to submanifols of finite codimension in the space of independent vari- 
ables. For higher 5-index these hierarchies represent themselves fami- 
lies of multidimensional equations with multidimensional constraints. 
The (9-dressing method is used to construct these hierarchies. Hidden 
KdV, Boussinesq and hidden Gelfand-Dikii hierarchies are considered 
too. 
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1 Introduction 



It is well established now that the Kadomtsev-Petviashvili (KP) hierarchy 
is the key ingredient in a number of remarkable nonlinear problems, both 
in physics and mathematics (see e. g. In physics, its applications 

range from the shallow water waves (see IQ-IQI) to the modern string the- 
ory (see e.g. Resolution of the famous Schottky problem is one of 
the most impressive manifestation of the KP hierarchy in pure mathematics 
[^]. Several methods have been developed to describe and analyze the KP 
hierarchy and other integrable hierarchies, for instance, the inverse scatter- 
ing transform method |]T|-|3, Grassmannian approach |T^-[^ or d- dressing 
method These methods have been rised to study generic 



properties of the KP hierarchy and other integrable equations. In particular, 
the construction of everywhere regular solutions of integrable systems (soli- 
tons, lumps, dromions, ect), which may have applications in physics, was of 
a main interest. 

Much less attention was paid to singular solutions of integrable equa- 
tions. Pole type solutions of the Korteweg-de Vries (KdV) equation have 
been known for a long time. However, the interest for this class of solu- 
tions has increased only when it was shown that the motion of poles for 
the KdV equation is governed by the Calogero-Moser model |18[,[|19|. Sim- 



ilar results for rational singular solutions of the KP equation have been ob- 
tained in [^. The general study of generic singularity manifolds began 
with the formulation of the Painleve analysis method for partial differential 
equations in PT|,[P2|. Structure of generic singularities of integrable equa- 



tions has occured to be connected with all their remarkable properties (Lax 
pairs, Backlund-transformations, ect) (see e.g.|]23|,[||.) Characteristic singu- 



lar manifolds (i.e. singular manifolds with additional constraints ) have been 
discussed in [^,0] and [0. 

A new method to analyze singular sectors of integrable equations has been 
proposed in . It uses the Birkhoff decomposition of the Grassmannian, its 
relation with zero sets of the r-function and its derivatives, and properties of 
Backliind transformations. This methods provides a regular way to construct 
desingularized wave functions near the blow-up locus (Birkhoff strata). Note 
that the connection between the Painleve analysis and cell decomposition for 
the Toda lattice has been discussed in (see also ([^). Note also that 



the characteristic singular manifolds considered in and correspond 
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to the second Birkhoff stratum (r = 0, = 0). 

A problem closely related with the study of these singular sectors is the 
following: a standard KP (and KdV) hierarchy flows in the so-called big 
cell of the Grassmannian (dense open subset of the Grassmannian) . The 
Birkhoff strata are subsets with finite codimension. Are there any integrable 
systems associated with the Birkhoff strata? Positive answer to this question 



have given recently in [30|. It occurs that in the KdV case the corresponding 
integrable hierarchies are connected to the Schrodinger equation with energy- 
dependent potential. 

In the present paper we study integrable hierarchies associated with the 
singular sector of the KP hierarchy. This sector consists of different Birkhoff 
strata or equivalently of different Schubert cells. The Schubert cells have 
finite dimension and are connected with the family of the Calogero-Moser 
type models which describe motion of poles. Here we will concentrate on 
integrable systems associated with Birkhoff strata. We show that they can be 
constructed by restricting the standard KP hierarchy to submanifolds of finite 
codimension in the space of independent variables. To build these hierarchies 
we will mainly use the 9-dressing method. Integrable systems associated 
with Birkhoff strata are rather complicated as well as the corresponding 
linear problems. They are of high order, though there are effectively 2-1-1 
dimensional hierarchies. For higher Birkhoff strata these integrable equations 
clearly demonstrate a sort of quasi multi-dimensionality. We also discuss 
hidden Gelfand-Dikii hierarchies. Besides of illustrating by simplier formulae 
some of the results of this work, we can in this case provide useful methods 
to construct solutions. 

An important property of the hidden KP hierarchies is that they are 
associated with 9-operators of non-zero index. This result is due to the 
interpretation of the Grassmannian as the space of boundary conditions for 
the 9-operator acting on the Hilbert space of square integrable functions. 
We prove that the codimension of Birkhoff strata coincides with the index of 
corresponding 9-operator up to sign. 

We finish this introduction by describing the plan of the work. In Section 
2 we remind some basic facts about the KP hierarchy, we briefly present the 
(9-dressing method in subsection 2.1, the grassmannian and its stratification 
is reviewed in subsection 2.2 and the relation between singular sectors of the 
KP hierarchy and d operators of nonzero index is considered in subsection 2.3. 
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Next, we devote Section 3 to the construction of the hidden KP hierarchies, 
first the case Indexed = — 1 is carefully analyzed in subsection 3.1. The case 
Index 9 = —2 is studied in subsection 3.2 and the cases of Indexed = —3 and 
higher indices are discussed in subsection 3.3. Finally, hidden Gelfand-Dikii 
hierarchies are analyzed in Section 4, we prove that under certain conditions 
the only hidden Gelfand-Dikii hierarchies are the KdV hidden hierarchy and 
the Boussinesq hidden hierarchy. The first one is studied in subsection 4.1, 
the second one in subsection 4.2. A method of constructing solutions is 
developed in subsection 4.3. 



2 The standard KP hierarchy and some gen- 
eral methods 

We start by remaining some basic facts about the KP hierarchy and some of 
the methods developed to its study . The KP hierarchy can be described in 
various ways (see e.g. lll[-|Hl)- The most compact form of it is given by the 
Lax equation 

dL 

— = [(L")+,L], n= 1,2,3,..., (2.1) 

where 

L = d + uid-^ + U2d-^ + u^d-^ + ■ ■ ■ (2.2) 

is the formal pseudo-differential operator, d = ^ and {L'^)+ denotes the 
differential part of L". Equation (|2.1|) is an infinite set of equations for 



scalar functions Ui, U2, u^, ... . These equations allow to express U2, M3, ... 
via Ui and its derivatives with respects to ti and ^2- As a result one gets the 
usual form of the KP hierarchy given by equations 

5^ = ^H"'a^'a^'---'^'--J' - = 3>4,5,..., (2.3) 

where u = Ui and fn are certain functions on m, The 
simplest of these equations is 

du d^u „ du „ / 5 \ d'^u 
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Equations ( p.l| ) arise as the compatibility condition of the hnear equations 

Li) = Xip (2.5) 

and 

|^ = (L'^)+z^, n= 1,2,3,..., (2.6) 

where ip = ip{t, A) is the wave function of the KP hierarchy, A is a complex 
parameter (spectral parameter) and t = (ti,t2, ■ ■ ■ ,tn, ■ ■ ■) G C°°. This wave 
function has the form 

^ = eS-i^"*"x(*,A) (2.7) 

where 

A A2 



x(t,A) = l + ^ + ^ + --- for large A. (2.8) 



The functions ipit^X) and the adjoint wave function '0*(t, A) (solution of 
equations formally adjoint to equations (|2.5|),( pl6D ) obey the famous Hirota 
bilinear equation 

j dXij{t, X)i)*{t\ A) = (all t and t') (2.9) 

where 6*00 is a small circle around A = cxo. 

Finally, the wave-function is connected with the r-function via 

(2.10) 

where [a] := (a, |a^, |a^, . . . ). 

2.1 The 5-dressing method 

Now, we present a sketch of the 9-dressing method (see e.g.[]Tl|-[]rB|). It is 
based on the nonlocal d problem: 



dX 



jj dfiAdfix{t,fi,fi)g{t,fi)Ro{fi,fi,X,X)g \t, X) 
•^■^G (2.11) 
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where x is a scalar function, Ro{fi, ft, A, A) is an arbitrary function, bar means 
complex conjugation, G is a domain in C and g{t, //) is a certain function of 
t and the spectral parameter. It is assumed that x is properly normalized 
{x — — ^° ^(Ao)) and equation is uniquely solvable. In virtue of the 

generalized Cauchy formula, the d problem ( |2.11| ) is equivalent to a linear 



integral equation. The form of this linear equations (and corresponding non- 
linear equations, associated with is encoded in the dependence of the 



function g on t. To extract these equations, we introduce long derivatives 

^n = ^ + g~\t,X)gt„{t,X) (2.12) 

where gt„ = -^f-. Then, we consider the Manakov ring of differential operators 
of the form 

L= Yl ^n,n.n3-WVrVrVr--- (2-13) 

ni,n2,... 

where u„^„2n3-- (*) are scalar functions. In this ring we select those L which 
obey the conditions 

[A^]X = (2.14) 

and Lx — as A ^ oo. Condition (|2.14|) means that Lx has no singularities 
in G. The unique solvavility of ( p.ll|) implies that for such L one has 



LiX = 0. (2.15) 



The set of equations ( p^.l5D is known as the system of linear problems. Note 



that taking into account that -^tp = gVnXi equations (|2.15| ) can be equiva- 
lently written as: 

Lii) = (2.16) 

where in operators Li one has to substitute Vn by The compatibil- 
ity conditions of ( |2.15D (or (|2.16|) ) are equivalent to nonlinear equations for 
Unin2n3---{t), which are solvable by the 9-dressing method. One has to select 
a basis among an infinite set of linear equations ( p.l5| ) (or ( |2.16D ). If one con- 



sider an infinite family of times t„ (n = 1, 2, 3, . . . ) one has an infinite basis of 
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operators Li and, consequently an infinite hierarchy of nonhnear integrable 
equation associated with (|2.11|) . 



To get the standard KP hierarchy one can choose the canonical normal- 
ization of X (i-G- X— + ^ + + - asA-^ oo) and put 



g = exp 



n=l 



the long derivatives Vn are Vn = ^ + A" (n = 1, 2, 3, . . . ) and the corre- 
sponding linear problems take the form 



LnX={^n-J2 Mt)"^! X = 0, (2.17) 



k=0 



or equivalently 



^ = E^'^WS^' ^ = 1,2,3,..., (2.18) 

where Ukit) are scalar functions. Equations ( |2.18| ) are just equations (|2.6| ) 
and their compatibility conditions are equivalent to the KP hierarchy in 
the usual form. The 5-dressing method provides a wide class of exact ex- 
plicit solutions of the KP hierarchy which correspond to degenerate kernels 
Ro{fi,ft, A, A) of the 9-problem ( p.ll| ) (see |T^-[0,|Q). It is worth to realize 



that the 9-problem for i/j and the adjoint d problem for i/j*{t, A) imply the 
Hirota bilinear identity ( |2.9| ). 

Note that in the KP case, the domain G is Dq = C — where D^o 
is a small disk around \ = oo {dD^o = Soo)- In a similar manner, one can 
formulate the KP hierarchy if one chooses G such that dG = S (being 5* the 
unit circle). 



2.2 Grassmannian and stratification 

Next, we comment some basic facts about the Grassmannian approach in 



relation to the standard KP hierarchy. Following ||^,p4|, we consider the 
Grassmannian Gr as the set of linear subspaces W of formal Laurent series 
on the circle Sqq. That means that W possesses an algebraic basis 

W = {wo{X),w,{X),W2{X),...} (2.19) 
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with the basis elements 



WnW = Yl ^^-^^ (2.20) 

i=—oo 

of finite order. Here sq < Si < S2 < ■ ■ ■ and Sn = n for large n. It can be 
proved that Gr is a connected Banach manifold which exhibits a stratified 
structure 0],||2^. To describe this structure one introduces the set Sq of 
increasing sequences of integers 

S = {so,SuS2,...} (2.21) 

such that Sn = n for large n. One can associate to each W & Gr the set of 
integers 

Sw = {ri G Z : 3w E W of order n} G Sq. 
On the other hand, given S E Sq one may define the subset of Gr 

S5 = {VT G Gr : Sw = S} (2.22) 

which is called the Birkhoff stratum associated with S. The stratum S5 is a 
submanifold of Gr of finite codimension 1{S) = J2n>oi^ ~ ^n)- In particular, 
if 5* = {0, 1,2,3,...} the corresponding stratum has codimension zero and it 
is a dense open subset of Gr which is called the principal stratum or the big 
cell. Lower Birkhoff strata correspond to S = {sq, Si, S2, . . . } different from 
{0,1,2,3,...}. 

The KP hierarchy wave function ip{t, A) ( p.7|) , ( |2.8| ) leads naturally to a 
family W{t) in Gr ||2^. In order to see it we start by introducing (A G ^oo): 

W = span{^(t. A), all t}. (2.23) 
Using ( p.6|) and Taylor expansions, one gets 

W = span{ip, diip, dfip, ...}, (2.24) 
where d = Now, the flow deflned as: 

W{t) := e-^fc>i^"*"Vr, 
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can be characterized as 

W{t) = span{x(t, A), Vix(t, A), V?x(^, A), . . . } (2.25) 

where Vi = + A. Since V^x = A" + 0(A"-^), one has 

^1^(4) = {0,1,2,...}. (2.26) 

So the flows W{t) generated by the standard KP hierarchy belong to the 
principal Birkhoff stratum [|2^,|3^. Then, it seems natural to wonder if 
there exist integrable structures associated to other Birkhoff strata. In this 
sense, only recently some progress has been made. In it was shown that 
for the KdV hierarchy, (reduction of the KP hierarchy) evolutions associated 
with the Birkhoff strata are given by integrable hierarchies arising from the 
Schrodinger equations with energy dependent potentials. One of the main 
goals of the present paper is the study of integrable structures associated 
with the full KP hierarchy outside the principal stratum. 

2.3 5-operators of nonzero index and singular sector 
of KP 

Finally, we propose a wider approach which reveals the connection of strati- 
fication of the Grassmannian with the analytic properties of the d operators. 
This approach is based on the observation that the Grassmannian can be 
viewed as the space of boundary conditions for the 9-operator |^. Let us 
consider the Hilbert space H of square integrable functions w = w{X, A) on 
n := C — Doo (where Dqo is a small disk around the point A = oo), with 
respect to the bilinear form: 

/"/"/, T N /, T N c^A A (iA 
{u, v)= u{\ \)v{\ A)—-—. (2.27) 
J Jn ^TTzA 

Then, given W E Gi (described above) there is an associated domain Vw 
on H for d, given by those functions w for which dw e H and such that 
their boundary values on 6*00 are in W . Thus, we have an elliptic boundary 
value problem. To formulate it correctly, that is to have a skew-symmetric B 
operator: 

{v,du) = -{dv,u) WueVw, ^veV^ (2.28) 
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one has to define W, the dual of an element W in the Grassmannian, as the 
space of formal Laurent series v{X) of A G 5*00 {Soo = dDoo) which obey the 
condition 

v{\)u{\) = 0, Vm G W. (2.29) 



So 



2niX 



Properties of W and W are convenient to evaluate the index of the d- 
operator. Let Sw and S^, be subsets of integers determined by the orders of 
elements in W and W. Then, we have 

% = {-n\n ^ Sw}- (2.30) 

Let Bw denote the operator 3 acting on the domain Vw- The index of this 
operator is defined as 

IndexBw '■= dimikei dw) — dim(coker 9vi/). 

It can be determined as 

Index Bw = caTd{Sw - N) - card(% - N) (2.31) 

where N = {0,1,2,...}. Note that the index of the Bw operator is closely 
connected to the notion of virtual dimension of W used in |]13[ . 

v.d.{W) = caidiSw - N) - card(N - %). 

Indeed, 

e Sw ^ Index Bw = v-d.{W). (2.32) 

Let us consider now subspaces W{t) generated by the standard KP hierarchy. 
Since Sw{t) = {0, 1, 2, ... } (see ( p.26| )) and 5'^^^^-) = {1, 2, . . . }, one has that 
Index Bw{t) = 0. Thus, all the equations of the standard KP hierarchy are 
associated with a sector of Gr with zero index of B. 

Now, what about the case of nonzero index? How to characterize these 
sectors in Gr? Are there integrable systems associated with them? Ad- 
dresing these questions is the main subject of our paper. The answer can be 
formulated as follows: Given the wave function ip{t, A) of the standard KP 
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hierarchy, we consider submanifolds Ai of finite codimension in the space 
C°° which are defined by m constraints 

fiit)=0, z = l,2,...m (2.33) 

{fi are some analytic functions) imposed on the independent variables t = 
(ti,t2, . . . ). The point is that under appropriate conditions, the restriction 
ipres of the wave function ip on A4 determines families M/res(s) in Gr which 
correspond to d operators of nonzero index. We will show that these sectors 
of Gr are associated with integrable hierarchies. 

The nonzero d-index sector of Gr is closely connected with its singular 
sector. Indeed, suppose that the restriction of ip on the manifold ( p.33| ) 
defines the corresponding family M/res(s) such that 

Swresi^) = N - {ri, rs, . . . , n}. (2.34) 

Then it is clear that 

X-'Wresis) (2.35) 

are elements of Gr with zero virtual dimension and, consequently, the same 
holds for A~'PVres- Therefore, there is a r-function, r(£), associated with 
X^^Wres such that 

r(t-[A-i]) 



X(*,A) 



r(t] 



On the other hand, the elements of minimal order in (|2.35|) are A~'xres(S; '^)- 
This means that the function x is singular on the submanifold A4 or, equiv- 
alently 

t\m = 0. (2.36) 

Then, the submanifolds A4 leading to the non-zero index sector of Gr are 
zero manifolds of the r-function of the KP hierarchy. This property is rather 
obvious if one observes that ( p.35| ) determines a domain for the d operator 
with a non-trivial kernel. Consequently, the determinant of the d operator, 
which is proportional to r(t(s)) |]13[, vanishes. Therefore, the constrained 
wave function V'res('S,A) is a regularization of the wave function ?/'(t. A) on 
the blow-up submanifold Ai. 
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The above coincidence between a singular and non-zero d index sectors 
is an important feature of the KP hierarchy. It demonstrates close relation 
between singular and non-zero d index aspects of the integrable hierarchies. 

Note that integrable hierarchies with constrained independent variables 
have been discussed in different context also in [Q,||33. 



3 Hidden KP hierarchies 

Now, we proceed to the construction of nonlinear systems associated with 
manifolds of finite codimensions given by constraints ( |2.33|) . First, we realize 



that for "good" functions /«, the theorem of implicit function implies that 
one can solve equations (|2.33| ) with respect to any m variables, i.e., one 
can express m variables t„2, ... as functions of the others s = 
(. . . , . . . ) (n ^ {rii, . . . , rim}) in the form 

tn,, = bi{s), i = l,...,m. (3.1) 

Formulae ( |3.1| ) gives us the parametrization of the manifold given by ( ^.33| ) 
by the independent variables s. Since any set of m times can be choosen as 
tm in ( ^.1| ), one has an infinite number of different parametrizations of the 
same manifold ( p.33|) . 



The KP wave function ijj{t, X) restricted to the manifold ( |3.1| ), i.e., the 
function ipresi^,^) is regularizable [24]. Since in what follows, we have to 
consider ipresi^y ^) ^^nd Xiesi^y ^) instead of ip and x we will omit the label res 
in both cases. In order to construct restricted KP hierachies we start with the 
(^-problem ( |2.11|) for the regularized restricted function x(s. A). This func- 



tion has canonical normalization, the corresponding (9-problem is uniquely 
solvable and 

^(s,A)=eS"^-^"*"(«). (3.2) 
Then, one can use all the machinery of the 9-dressing method. 

3.1 The case Index(a) = -1 

We start our study of the hidden KP hierarchies by considering the simplest 
case 171 = 1. Suppose first that we solve the constraint /(t) = with respect 
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to ti, then we have 

h = &i(s2,S3,...), 



(3.3) 



^7(s,A)=e^^i(^)+^^-^"^" (3.4) 
and the long derivatives Vn are 

V. = ^ + A^ + A", n = 2,3,.... (3.5) 

OSn OSn 

Since in this case the operator of the first order in A is missing in the basis 
( |2:25|) one has 

5'wres(s) = - 
consequently, due to (|2.30|) and ( p.31| ) 

Index (9vFres(s)) = (3-6) 

In order to get the linear problems ( p.l6| ) associated to (|3.4|) , one has to 
construct the operators L of the form (|2.13|) which obey conditions ( p.l4| ) 
and Lx — as A — >• cx). This is a tedious but straightforward calculation 
after which one gets the infinite set of linear problems 



d^ip - dyip = UQip + uid^ip + U2dyip + u^idli) + u^d^dyijj, (3.7) 



and 



ds„^ = d^^d'^^ij + ■■■ . 



where n = 4, 5, 6, . . . ; n = 2n2 + 3?t,3 with n2 = 2, 3, . . . and n^, = 0, 1, and we 
have made x := S2, y := S3. By denoting 6 := 61, we have that the coefficients 
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in (p.7|), ( p.8| ) are given by 

Uo = KxxXl + '^KxXlx + 3X2a;a:' + ^KXlxx + 36^X2x + 36^X3x 

+3x4x - byyXi - "^byXiy " Sb^bxyXi + KbyXix 
-^blxiy - 3bxX2y + 4:byX2x - bybxxXi - SbyXiXix 
-^X3Xix - ^blbxxXi - SbxXiX2x + 2bxXiXiy 

-^b^X2Xlx - ^X2X2x + ^XlX2Xlx + 2X2Xly - '^X'iy, 

ui = Sbxbxx + ^bxXix + 3X2x - ^XixXi - 2xij/ - - blby, 

U2 = ^bxx + bl + 3xix + bxby, U3 = -2by, = 3bx, ^^'^^ 

vo = 2xiXix - 2x2x - 2b^Xix, vi = -bl, V2 = -2b^. 

P3 = -bx, P2 = 2bl - by, 

Pi = bl- bxby - xix, 

PO = XlX2x + XlXly - "^bxXlXlx - xlXlx + XlxX2 - X3x 

-X2y - byXix - bxXly + 2bxX2x + 2blxix- 
The absence of a operator V of the pure first order A imposes the constraints: 

bxxx + ^Xlxx + 3x3x — byy — 2x2y — ^bxbxy — bxXiy + byXlx 

-bxxby - ^XlxX2 - ^b%x - ^X2xXl + ^XlxXl + '^XlyXl = 0, 

- bxx - 2xix + 2bxby + 53 = 0, 

(3.10) 

~ bxy + bj)xx ~^by — bj)y — b^ — X2x ~ Xiy 
+3b^Xix + XiXix = 

14 



and so on. Higher linear problems and the expresions of the coefficients 
are complicated and we omit them. The linear problems ( p.7|) - (|3.8|) repre- 
sent themselves an infinite hierarchy of the linear problems for the restricted 
(hidden) KP hierarchy with Indexed = —1. All these problems are com- 
patible by construction and the compatibility conditions for them give rise 
to an infinite hierarchy of nonlinear evolution equations, a restricted (hid- 
den) KP hierarchy. The simplest system of this hidden KP hierarchy is the 
one associated with ( p.7|) and the first equation in (|3.8|) and has the form 
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{t := S4): 



where 



8 

U3t = --^UiUixx - g^^L + 3t'0x + U^xx + Sliia; " -^U^U^x 

4 2 2 ,2 

2 1 2 2 2 

1*2* — — gli4xa;a; + U^xx — -^U4U2x — l^l'^'^y + l^Ayy 

2 2 2 

-g«4«22/ - 2^02/ + -U4U4xy - -U2U4UAX 



-U4V0X + ^U^Uaxx + ^UiUa:c, (3-11) 

_ 2 8 

Ult — —-UaUAxxx — -UAxU4xx-\''JVoxx-\''Uixx + 2UOx 

y y 

1 2 4 2 2 2 2 

--U^Uix - -UlU4y + -«4M4ro + -U^y - -UiUiy 

y o y y o 

292 4 

y y y 

2 22 2 

--UsU^U^xx - n«3«4s - 2^3^00; + -M2M4M42/, 

y y y 

_ 1 2 4 2 

I^Ot — 'J^Oxxj; + Uqxx — -U4UQX — -UoU4y — VQyy — -^UiUQy 

2 

-UAVoxy - -^UqUaU^x - U^Vqxx " U2VQy - UiVqx 



1 2 1 2 2 2 4 



16 



Note that since due to ( p.9| ) ua, = 36^ and U3 = 2by, one can rewrite the 
system (|3.11|) as a system of four equations for the variables b, U2, ui and uq. 
Equations ( |3.11| ) and higher equations are solvable by the 9-dressing method, 
though all solutions would be expressed in implicit form. Then, we have an 
infinite hierarchy of integrable 2+1 dimensional equations. This hierarchy is 
associated with a restricted element in the Grassmannian which satisfies 

Wresis) = span{V:v;;^x(s, A),n > 0,m = 0,1}. (3.12) 

Note that the basis of the space PVres(s) is formed by two-dimensional jets 
of special form in contrast to the one-dimensional jets ( p.25 ) for the standard 
KP hierarchy with Index 9 = 0. 

Note also that if one tries to construct the linear problem starting with g 
of the form (|3.4| ) with hi = const., the procedure collapses. In this case ( p.lO| ) 



gives too strong constraints on the function x {Xix = 0, X2x + Xiy = 0,...). 

As it has been mentined before, the formula ( p.3|) gives only one possible 
parametrization of the manifold defined by the equation f{t) = 0. Let us 
take the one given by 

^2 = &2(Sl,S3,S4, • • • (3-13) 

so 

g{s, A) = e^^i+^'^2(^)+S-3 A'-. (3.14) 
and long derivatives are 

V. = — + A2--^ + A", n = l,3,4,.... (3.15) 

Similar to the previous case, one gets an infinite family of linear problems 
with the corresponding family of constraints. The first linear problem is of 
the form (x := Si, y := S3, t := S4) 

dlijj = u^dyip + u^dxdyijj + usdl^p + U2dyip + uqi/j, 

dti) = vsdlij + V2dyil) + vid^i) + vq^). 

The compatibility condition for this system leads to the first integrable sys- 
tem of this hidden KP hierarchy. The expressions of the potentials, the con- 
straints and the system are a bit more complicated than in the case studied 
above and we omit them here. Note that in this case we have 

Wres{s) = span{V^V™x(s, A), n > 0, m = 0, 1} (3.16) 
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and consequently 

Index(^j.gg(a)) = -1. (3.17) 
Let us consider now next choice 

t3 = hiSi,S2,S4,...). (3.18) 

One has 

and the long derivatives have the form 

d ^^s^^^n^ 71 = 1,2,4,5,.... (3.20) 



dSn dSr^ 

Using these long derivatives we can find the corresponding hierarchy of linear 
problems and nonlinear integrable equations. On the first sight, one could 
think that as Vo; := Vi and Vy := V2 are third-order operators, the operators 
of the first and the second order are missing and consequently Index 9 = —2. 
However, by taking the linear combination of long derivatives {b :— 63 here) 

byVx - hVy = bydx + Xby " t^dy " A^6^, 

we see that only the first order in A is missing and then, we have Index9 — —1. 
Similar situation takes place in the general case 

tn = Ki^l, ■ ■ , ^n-l, Sn+1, ■ ■ ■)■ (3-21) 

for n > 3. One has 

(9 dh 

Vm = ^ + y'^ + X^, m + n. (3.22) 

In a way similar to the previous case, one gets the operators of the second, 
third, .... {n — 1) ~ th order by taking linear combinations of the operators 
Vi, V2,..., Vn-i. Then, we have that in the general case Index 9 = —1. 

We finally point out that all the hierarchies of linear problems and inte- 
grable systems considered in this subsection are closely connected. In fact, 
since they are associated with different parametrizations of the same mani- 
fold fit) = 0, they are related to each other by change of independent and 
dependent variables. 
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3.2 The case Index(a) = -2 

Suppose now that we take m = 2 in ( |2.33| ), i.e. the manifold Ai is defined as 



/i(t) = 0, /2(t) = 0. 
Then, one possible parametrization is 

h = &l(s3,S4,...), 

h = ^2(53, S4, • • • ), 
and the function g and the long derivatives are given by 
g{s,\) = e^^iW+^'''2(«)+S"3^'^«, 

V, = A + A^ + A^^ + A^ fc = 3,4,5,.... 

dsfc dsfc dsfc 

In order to construct linear problems we look for the operators of the form 

^ — ^Un:in4n5...y 3 V4 V5 ... 

satisfying Lx = 0. It is easy to see that for n ^ 1, 2 we have an order 
n operator of the form V^^Vs^ with = 0,1,2,... and n4, = 0, 1. 
On the other hand, as each long derivative is of a order > 3, there are not 
operators of order 1 and 2. Then, 

Wresis) = span{Vr Vr Vr A), ns = 0, 1, 2, . . . , n^, n, = 0, 1} 

^H/resW = ^-{l'2} (3-23) 
and consequently 

Index (^vi/j.gg(s)) = -2. 

In order to get the linear problems involving the minimum number of inde- 
pendent variables we use, instead of ( |3.23| ), the more convenient system of 
generators of PVres(*) given by 

IVres(s) = span{Vr Vrx(*, A), ris, n4 = 0, 1, 2, . . . , Vsxl*, A)} 

(3.24) 
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The linear problems corresponding to the lowest orders are then 



(3.25) 



(3.26) 



d^d^ip - dill) + psd-id^ip + prdad^ip + Pedli/j + p^d^ip + ^4^4^ 



(3.27) 



where m,, i = 0, 3, 4, . . . , 11, Vk k = 0, 3, . . . , 7 and pi, I = 0,3, ... ,S can be 
expressed in terms of bi, 62 and Xn, {n> 1). Due to the absence of operators 
of the first and second order in A we have two constraints on 61, 62 and Xn, 
{n>l) associated to each equation ( |3.25D -( PT77D . 

Note that only two linear equations among ( |3.25| )- (|3.2?| ) are independent 
(form the basis of the Manakov ring). For instance, the problems ( p.26| ) 
and ( p.27| ) are equivalent modulo the problem ( |3.25[ ). Indeed, acting by 
operator on ( p.26|) and by the operator ^3 on (|3.27|) , substracting the 
equations obtained and using ( |3.25| ) one gets an identity. Then, choosing, for 
instance, ( p.25|) and ( p.26|) we have a system of two three-dimensional linear 
equations (variables S3, S4, S5). However, it implies that if) satisfies also a 
two-dimensional linear equation. Indeed, using ( p.25|) , one can express d^ip 
via the derivatives of ip with respect to S3 and S4 (since in general M5 ^ 0). 
By substituting this expression into ( |3.26| ), one gets 



(3.28) 



where (i = 0, 3, 4, 6, 7, ... , 14) and fi2 can be expressed in terms of Ui {i = 
0, 3, 4, . . . , 11) and vj (j = 0, 3, 4, . . . , 7). Thus, one has the two-dimensional 
equation ( |3.28D with variables S3 and S4 and the three-dimensional equation 
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( p.25| ). The compatibility condition of the hnear problem constituted by 
these two equations (or equivalently ( p.25|) and (|3.26| )) gives rise to a three- 
dimensional nonlinear integrable system with independent variables S3, S4, 

In the same way, taking into account ( p.24| ), the equations in linear prob- 
lems which involve higher times s„ (ra = 6, 7, . . . ) can be written in the form 

1^ = d^'d2'iP + ■ ■ ■+Pk5d5^ + ■ ■ ■+Pko^, k = 6,7,... 

osk (^329) 

where k = Sn^+An^ andp^a are certain functions and we have two constraints 
associated to each equation ( |3.29| ). In order to eliminate d^ip in ( |3.29|) ,we use 
(lOsD so that 

^ = ordTi; + J2 Pmsm,is)drdri^ A; = 6, 7, ... . 

By construction, these last equations are compatible with equation ( 3.28|) , 
thus, we have an infinite hierarchy of commuting 2+1-dimensional integrable 
systems for the coefficients. 

Finally, from ( p.25| ) we can express Vsx as a linear combination of ele- 
ments of the form V3^V4''x, we can eliminate Vsx for the system of gener- 
ators of Wres(s) (see (pSj), (pl)). In fact, by using (^)-(ra) in (p^) 
we get 

Wresis) = span{Vr Vr X(s, A), ^3 = 0, 1, 2, . . . , ^4 = 0, 1, 2}. 



3.3 Higher indices of the d operator 

We finish this section by discussing the basic properties of the case Index d < 
—3 (or equivalently m > 3 in ( p.33| )). We will show that we have a hierarchy 
of integrable systems associated to each manifold defined by ( |2.33D with 
m > 3, but in this case the hierarchy consists of 3+1 dimensional nonlinear 
systems, instead of the 2-1-1 dimensional systems found in the cases Index d = 
— 1 and Index (9 = —2. As all the basic properties are exhibited for m = 3, we 
start by considering this particular case. Suppose then, that we take m = 3 
in ( p.33| ) and solve the constraints with respect to ti, t2 and ^3. We have 

h = bi{s), t2 = 62(5), ^3 = h{s), 
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consequently 

and the long derivatives are 

dsk osk osk osk 

lYiom. the expresions of the long derivatives, it is easy to see that, for n > 4, 
we have an operator of order n in A of the form V^^Vg^ Vg'^V"^ with > 0, 
n^^n^^n-j = 0,1 (at most one of them equal to 1). On the other hand, as 
every long derivative is of order> 4, there are not operators of order 1, 2, 
and 3. Then 

Wres(*) = span{VrvrV^«Vrx(*,A),n4>0,n5,n6,n7 = 0,l 

at most one of ns, rig, n-j equal to 1} (3.30) 

so that 

Sw^Qsi^) = ^ ^ 2, 3} 

and consequently 

Index (9vFres(s)) = ~3. 

In order to get the linear problems involving the minimum number of inde- 
pendent variables we use, instead of ( p.30|) the more convenient description 
of Wres(«) as 

V^^res(s) = span{Vr X, ^4 > 0, ns = 0, 1, 2, 3, VeX, V7X, VsVex}- 

(3.31) 

The lowest order linear equations constructed using the system of generators 
in ( p.31| ) are 

dtip - dlij + uigdlditp + uisdldjij + undld^^j + uie^l?/' 
+ui^dl^ + uudldAi) + uvid^dl^ + ui2dlip + uud^d^ip 
+Uiod^ip + ugdid^ip + usdjip + Ujdii! + Uedeip (3.32) 
+ur^d^il) + + Uoip = 0, 
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+v^d^il) + f4(94'?/' + VQip = 0, 



(3.33) 



+P656'0 + ^5^5^ + P4C^4^ + Po^ = 0, (3.34) 

+q7djil) + g6<96V^ + 55^5^^ + q^dii) + go^ = 0, (3.35) 

+W7d7ip + w^d^ip + w^d^ip + Wid^ip + ti'oV' = 0, (3.36) 

where m,, i = 0, 4, 5, ... , 19; Vj, j = 0,4,5, ... ,9; pk, k = 0,4,5, ... , 10; qi, 
I = 0, 4, 5, . . . , 11; and Wr, r = 0, 4, 5, . . . , 11 are functions of bi, 62, Xn 
(n > 1) and their derivatives. Besides, we have three constraints on the 
coefficients of the wave functions for each equation ( p.32| )-( p736D . 

Again, among these five equations, there are only three independent ones 
modulo ( p.32| ). For instance, acting on ( p.33| ) by (9| on ( |3.35| ) by (9| and using 



(|3.32|) , (|3.33|) and (|3.34|) one gets an identity. So ( p.35|) and similarly ( p.36| ) 



are satisfied due to equations ( |3.32| )-( P75^ ). These three equations provides 
a four-dimensional system (being the independent variables S4, S5, sq, S7). 
However, using equation (|3.33|) one can get d^ip in terms of derivatives of ip 
with respect to the three others independent variables, i.e. 

djip = -—{dideip - d^tp + Vgd4d5tlj + vsdjip 

(3.37) 



and then, this term can be eliminated from (|3.32| ) and ( 3.34 ). As a result 



one gets two linear equations for ijj which contain only (?4, ^5 and d^. The 
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linear problem determined by this couple of equations is compatible by con- 
struction, and the compatibility condition gives rise to a system of nonlinear 
equations in three dimensions (54, S5 and Sq). A new system in the hierar- 
chy can be obtained as the compatibility condition of one of the equations 
considered before (where 87 has been eliminated) and ( p.37|) . In this case we 
have a system of 3+1-dimensional nonlinear equations ( spatial variables S4, 
S5, Sq and time Sj). Linear problems containing higher times Sg, Sg,... have 
the form 

dk^= Yl Vn,n,n,d2'd^'d^<^^, k = 8,9, . . . , (3.38) 

n4 715 m 

where n4^,n^ > 0, ng = 0, 1 and f„4n5n6 cire certain functions. Note that in 



.381) we have already eliminated the term d-jip by using (|3.33|). 



The compatibility conditions of (|3.38|) with the equation obtained by 



eliminating in (|3.32| ) defines an infinite hierarchy of 3+1 dimensional 
nonlinear systems with four independent variables: S4, S5, s^, and time Sk- 
Now, one could eliminate also O^iIj from equations (|3.32|) , (|3.33|) and (|3.34|) , 



in order to get a single linear equation containing derivatives with respect 
to only two independent variables, S4 and S5. But in order to do it, one has 
to invert an involved differential operator. Consequently, the corresponding 
2+1 dimensional equation is a complicated integro-differential one. 

Finally, from the above discusion, it is clear that we can eliminate VyX 
from ( p.31| ), then we get a basis of Wres(s) in the form: 

W^res(s) = span{Vrvrx, ^4 > 0, ^5 = 0, 1, 2, 3, VgX, VsVgx}. 

We finish the study of the hidden KP hierarchies by summarizing the 
results for the general case m > 3. Solving the equations ( |2.33| ) with respect 
to the first m times one has 

tk = bk{Sm+l, Sm+2, ■ ■ k = 1,2, . . . , 171, 

then 



k=l k=m+l 



and 



^fc = 7^ + E^'7r^ + ^'' k = m+l,m + 2, 

OSh ^-^ OSk 
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In this case 

and consequently 



Swres(s) = N - {1,2, . . . ,m}, 



Index (^Wj-esCs)) = -m. 
Now, by constructing operators of the form 



E 



■srjnm+l-srjnm+2 
"nm+i nm+2,... ^ m+1 ^ m+2 



"m + l nm + 2, 



which satisfy the condition ( p.l4|) , one gets an infinite hierarchy of linear 



equations. One can see that there are m of them which form a basis of Man- 
akov ring of operators of lowest order with minimal number of independent 
variables (sm+i, Sm+2, ■ ■ ■ , S2m+i)- As above, one can in general eliminate 
d2m+i4', d2mip, ■ ■ ■ ,dm+'i4' ffom thcsc subsystcm, and get a system of three- 
dimensional linear problems. In this way, the whole hierarchy consists in 3+1 
dimensional nonlinear systems with constraints. 

We finally point out that 3+1 hierarchies of integrable systems with con- 



straints have been discussed in a different situation in p5|-p 



4 Hidden Gelfand-Dikii hierarchies on the Grass- 
mannian 

As a particular case of hidden KP hierarchies associated with sectors of 
Gr with nonzero d index, we discuss here the hidden Gelfand-Dikii (GD) 
hierarchies, 1 + 1 dimensional integrable hierarchies associated with energy- 
dependent spectral problems. We prove that under certain assumptions the 
only hidden GD hierarchies are those associated with Schrodinger equations 
with energy-dependent potentials (hidden KdV hierarchies) 

(2m \ 
n=0 / 

and that associated to the third-order equation (hidden Boussinesq hierarchy) 
dli) = (P + ui{s)k + uo{s))ip + {vi{s)k + vo{s))d^ip, k := 
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The hidden KdV hierarchies were aheady introduced and studied from 
the point of view of the Hamiltonian formahsm in [39| and they were further 
generahzed and analyzed in |^-[^. As for the hidden Boussinesq hierarchy, 
it is one of the four cases studied in |^2[ in connection with the theory of 
energy-dependent third-order Lax operators. In both cases we manage to 
formulate a general solution method. 

The start point here is a Z-GD wave function. It is a particular KP wave 
function ip{t, A) verifying the reduction conditions: 

d^iX = 0, m = l,2,.... (4.1) 

As a consequence, its corresponding flow can be characterized as 

W{t) = span{A™'Vix(*, A), m > 0, < n < / - 1}. 

Note that W{t) does not depend on the parameters tmi m = 1,2, so from 
now on they will be supposed to be set equal zero, or equivalently 

t= {ti,...,tn,...), n^{l) -.= {1,21,^1,...}. 

In the 5-dressing method, reductions ( [4.1| ) correspond to kernels of the form 

i?o(/i, A A, A) = 5(At' - A')^o(Ai), 
then, we have the 9-problem 

dx{t,X) 



J2xit,q''X)Ra{t,X) (4.2) 



a=l 



where 



q = exp C-f) , 

R^{t, A) = g^{t, \)R^{\)g^\t, g"A) 
with goi^t, X) = exp ^j^* j and -Ra(A) a = 1,2,..., I are / arbitrary 



functions. Note that the d problem ( [4.2| ) is invariant under multiplication 
by A'. 

We focus now our attention in the study of the hidden 1-GD hierarchy. 
In order to do that, given an integer number r > 0, r ^ (/), we consider 
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restriction under dr = r — 1 — [^-p] constraints ( p.33| ), (here [■] denotes integer 
part), solved with respect to the first consecutive dr parameters. It means 

ti = bi{sr), l<i <r, 

being = {sr, . . . , s„, . . . ) n > r, n ^ (/). We have then that 

Wres(s.) = span{A"^'v:;^ Vr,' ■ ■ ■ x{sr, A), m, rii, ns, ■ ■ ■ > 0, ^i, ^2, ■ ■ ■ > r, 

tui2,---^il)} (4.3) 

and long derivatives are here defined as 

Clearly, if we look for (1 + l)-dimensional hierarchies associated to these 
restrictions we need 

W^res(sr) = span{A"'V"x(Sr, A), m > 0, < n < / - 1} (4.4) 

where x stands now for Sr- Consequently we are interested in those subman- 
ifolds for which the corresponding PVres(sr) verifies ( |4.4| ). In this sense 
we have: 

Proposition 1 The family Wresi^r) satisfies ^4 -41 ) if o^nd only if the function 
ip{sr, A) obeys an infinite system of linear equations of the form 

= Ei^io ^rniSr, k)d'^i), 

(4.5) 

where Um and anm are polynomials in k := \K 

Proof: The function xi^r-, ^) as well as its long derivatives of all orders with 
respect to the variables Sn belong to PVres(sr)- Then, if ( [4.4] ) holds all these 
functions can be decomposed in terms of the basis k"^'V^x- Therefore ( |4.5| ) 
follows. 

Reciprocally, if x satisfies a system of the form ( ^.5| ) then from ( [4.3| ) and 
by using Taylor expansion we deduce ([4.4| ) at once.D 



The next statement describes the cases in which ([4.4|) may arise. 
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Proposition 2 Only two classes of parametrized suhmanifolds M. satisfying 
(^T^p are allowed: 

i) Suhmanifolds Aim of the form 

t2i-i = bi{s2rn+i), i = !,■■■ ,m, m > 1, 
for the 2"''^ GD hierarchy. 

ii) Suhmanifolds Ai^^^ of the form 

ti = 6(S2), 

for the 3^*^ GD hierarchy. 

Proof: Let us assume that ( |4.4| ) holds then Wres(*r) has no elements with 
order n such that < n < min(r, I). Moreover 

order(A'™V"x) = Im + nr. 

Let us first consider the case r > I. It implies that l + r < 2r, and therefore if 
there are i ^ (Z) such that r < i < I + r then the functions VjX are elements 
of order i which cannot be decomposed in terms of the basis A'™V"x- The 
only way to avoid these functions is to take / = 2, and consequently the 
allowed r are the odd integers r = 2m + 1 (m > 1). 
Consider now the case r < I. We have 

order(V3;X) < order (V^x) < order(A'V2;X)- 

Thus, given i ^ (/) such that r < i < 2r then the functions ViX are elements 
of order i which cannot be decomposed in terms of the basis A'™V"x- But 
it is obvious that these functions will arise unless we take r = 2 and / = 3.n 

As it will be proved below one can construct explicit examples of sub- 
manifolds Aim and Ai^^^ satisfying ( [4.4| ). Observe that in these cases the 
corresponding families of subspaces in the Grassmannian lead to the following 
values of the index of d: 

1) ForA^^^^ 

Swresi^2ru+i) = N - {1, 3, . . . , 2m - 1}, 

so that 



28 



2) ForA<(3). 

SwxesM = N ~ {1}; 

and as a consequence 

In both cases the famihes of subspaces in the Grassmannian he outside the 
zero index sector of the d operator. Next, we are going to show that for both 
classes of submanifolds described above there exist hierarchies of integrable 
systems. 

Before analyzing these two cases, it is worth noticing that we have only 
looked for submanifolds associated to (1 + l)-dimensional hierarchies of in- 
tegrable systems, obtained by solving constraints (|2.33|) with respect to the 



first variables. Nevertheless, by using the methods of the previous section 
and solving the constraints with respect to any set of variables, we can get 
in general multidimensional hidden /-Gelfand-Dikii hierarchies for arbitrary 
I and r (r ^ (/)). It is also clear that all these hierarchies belong to sectors 
in the Grassmannian with nonzero index. 



4.1 Hidden KdV hierarchies 



Consider first submanifolds verifying ( [4.4|) . /^From Proposition 1 the 
constrained wave function ip{s2m+i, ^) satisfies an infinite linear system of 
the form 



(4.6) 



where k := u = u{s2m+i,k) := + X]n=o ^""«(*2m+i), and 

are polynomials in k. By introducing the bilinear form 



2_X2m+l 

we may write the coefficients and in 

5((92„+i^/',9^V') 



^(A) y.(A) 
^(-A) y.(-A) 



Ctr. 



as 

Bjip, d2n+l^) 



(4.7) 
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Then, we have = —^Pnx- Furthermore, the compatibihty conditions for 
(^4.6|) imply 

d2n+iu = jPn, where J := —d^ + 2ud^ + u^. (4.8) 

On the other hand, the function [3n is related to the trace of the resolvent 
of the Schrodinger operator 

^\S2m+l,K) :— . , . 

B[ilj,d^^) 

Thus, from ( ^^71) and the polynomial character of /?„ as a function of k it 
follows that 

where (/c"~™'i?)+ stands for the polynomial part of k"'~"^R with R being 
substituted by its expansion as k ^ oo 

n>l 

Therefore 

d2n+iu = J(A;"— (4.9) 



It turns out that the coefficients Rn are differential polynomials in the 
potential functions (mq, Ui, . . . , U2m)- They can be determined by identifying 
coefficients of powers of A; in the equation 

JR = 0. 

In this way the set of equations ( [4.9|) constitutes a hierarchy of integrable 
systems associated with the Schrodinger operator in ( [4.6|) . We will refer to 
this hierarchy as KdV2m+i- Solutions of the members of the hierarchies can 
be derived from the functions bi and Xn- 

For example, for m = 1, using our standard techniques and the method 
considered above to construct the hierarchy, we have that the potential func- 
tion is given by 

U2 = 2b^, 

ui = bl + 2x1., (4.10) 
uo = 2x3x - 2x2Xix + XiKz + '^Xixbx, 



30 



where b := bi. The first integrable system in the hierarchy corresponds to 
t := S5 and takes the form 

dtUo = ^U2xxx - U0U2x " ^U2U0x, 

dtUi = -^U2Uix - UiU2x + Uqx, (4-11) 
dtU2 = -^U2U2x + Uix. 

The second equation in (^^ ) is in this case 

dti) = ^U2xi^ + (^k- ^U2^ dxip, 

and the absence of the pure first order A in H^res(s2) means (eg. ([4.6|)) the 
constraints 



Xix = bl + bt 

X2x XXlx nbxx- 



(4.12) 



IS 



Note also, that using ([4.1CI|) and the first equation in (|4.12| ), system ( [4.11 
equivalent to a system of two equations for b and Uq 

Uot opxxxx '^bxxUQ bxUOxy 

{2bt + ?>bl)t + 2bxx{2bt + 362) _ ^ ^^(26t + ?,bl)x = 0. 
Analogously, for m = 2, we have that the potential function is given by 

M4 =2b2x 

Us =2bix + bl^, 

U2 =2bixb2x + 2xix, 

Ml =2X3a; - 2X2Xlx + Xlhxx + +2Xlxb2x + b\^, 
UO =2X5a; - 2X4Xlx + Xshxx + 2X3xb2x + Xlblxx 

+ '2bixXix - (ui - blJx2x- 
The second equation in (^]^) is 



dti^ = ^U4,xi' + (^k~ dxip, 
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and the absence of orders A and A means the constraints 
&2x + b2t - bix = 0, 



Xix - b2xbix - bit = 0, 
2x2x + b2xx - 2xixXi = 0, 

2X4z + - 2(XlX3)x + b2xxiX2 - X? - b2x) + '2X2XlXlx = 0. 



Finally, we point out that although we have only considered constraints 

(2) 

solved with respect to the first parameters, submanifolds of the form Aim 
can be parametrized in other ways and we also get hierarchies of integrable 
systems. Unfortunately, in this case , there are not avaible direct methods to 
construct the hierarchies, as the one discused above to construct the KdV2m+i 
hierarchy, but we can always use standard techniques to get integrable sys- 
tems. For example, taking the case m = 1 with the parametrization 

^3 = b{s), S := (Si, S5, . . . , S2rra+1) • • • ) 

and taking x := Si, t := we have the linear problem 

d^i/j = {usk^ + U2P + Uik + uq)iI> + Vod^tjj, 



(4.13) 



where 



U3 = hi, U2 = 2b^, ui = l + 2b^xix, 

bx 



uo = —^X\ - 2KxixX2 + 2xix + 26^.X3x, (4.14) 
and the absence of order A in equation ( [4.13| ) means the constraints 



Xlx — T — bt, 



X2x XXlx ~l" 2fe2 • 



(4.15) 



By imposing the compatibility condition in the linear problem ( [4.13 ) we have 
the integrable system 



U3t = 


2f3i^U2 + 2f3o^U3 + (3iU2x 


+ /?0M3x, 


U2t = 


2PixUi + 2(3q^U2 + (3iuix 


+ /3oM2x, 


Ult = 


2PixUo + 2(3q^ui + (3iUox 


+ /3oMlx, 


Ult = 


aoxx + 2(3qxUo + I3oUqx - 


OCQxVq, 


Mot = 


(2ao + /?ox + Wo/3o)x, 
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that using ( |4.14| ) and ( [4.15| ) can be reduced to a system of two equations for 
b and Uq: 

{bA)t - ^wo + - (3 - A) + - - 4) b^bt = 0, 



1 \ I ^XX { ^X2 



4.2 Hidden Boussinesq hierarchy 

Our next task is to show that the submanifolds satisfying ( |4.4| ) are also 
associated with a hierarchy of integrable systems. /^From Proposition 1, now, 
we have 



(4.16) 



where k := A^, u := Uo{s2) + kui{s2) + k"^, v := fo(s2) + ^"^1(^2) and /3„ 
and 7„ are polynomials in k. By introducing the trilinear form 



y,(A) r^(A) 
^(eA) y.(eA) r7(eA) 
^(e^A) ^(e^A) 7]{e^X) 



where e = (— 1 + i\/3)/2, we may write the coefficients in ([4.16|) as 



7n 



By using now ( |4.16| ) it immediately follows that 



a. 



Futhermore, the compatibility conditions for ( ^.16| ) imply 



dnU J \ In 
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where J is the matrix operator given by 

Jii := —2d1 + 2vd:r. + "^a;, J12 '■= — ■ v + 38^ ■ u — u^, 
J21 ■■= -dl + vdl + 3m(9^ + M^, 



J22 := \[2dl - 2{vdl + dl-v) + {v^ + 3u,)d, + 9, ■ {v^ + 3m,)]. 



The standard technique shows that these equations are related with the re- 
solvent trace functions 



R{s2,k) 



in the form 



S{s2,k):-- 



dsn-lV 
d-in-lU 



J{k''-^S)+. 



(4.17) 



In these expressions R and 5* are substituted by their expansion as A; ^ 00 



n>l 



n>0 



The coefficients i?„ are Sn are differential polynomials in the potential func- 
tions Ui^Vi {i = 0, 1). They can be determined by identifying coefficients of 
powers of in the equations 

JR = 0, JS = 0. 

It is easy to prove that Eq. (|4.17|) constitutes an evolution equation for u and 
V. The set of these equations is a hierarchy of integrable systems associated 
with the third-order operator in ([4.16|) . We will refer to this hierarchy as the 
hidden Boussinesq hierarchy. Solutions of the members of the hierarchy can 
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be derived from the functions b and Xn- 

Uq = &xxxXi - ^XixXs + 3x4x + ^Kxsx + ^blx2x+ 

+36xxXlx + 3X2xx + 3ba;Xlxx + 3XlxXlX2 - ^X2xX2- 

-^KxixX2 - ^b^xblxi + ^XixX\bx - ^X2xXibx - ^blxixXi, 
ui= bl + 36,., + 3xix, (4.18) 

^0 = ^hxbx - SxixXi + ^X2x + ^b^Xix, 
vi = 36,. 

The first equation of the hidden Boussinesq hierarchy corresponds to the 
time parameter t := S4 and takes the form 

111 2 

■qUqxVi — -^Vqxxx + -^VqVqx + Mo,,, 
dtUl = —vfvixx - Ivivl^ - luiViVix - luixVf - |fi,,, + livoVi)x + Ml,,, 

(4.19) 

dtVo = |f if 1,,, + |f i,f 1,, - ffoMif 1, - hvlvox - voxx + 2mo 



dtVl = -IjVfvix - Vixx + 2m 



Ix, 



The second equation in the hnear problem ( 4.16| ) is 

dt^ = {ao + aik)tp + Podx^ + Blip 

with 

2 2 2 1 

"0 = -vivix - -fo, "1 = --fi, /3o = -n^?. 
y o o y 

Finally, the constraints imposed by the absence of the first order in V^res(s2) 
are given by 

\hxxx - XixX2 + Xzx + Xixx + XixXl - X2xXi - bxxbl = 0, 

bl + bt- bxx - 2xix = 0. 20) 
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4.3 Methods of Solution of hidden Gelfand-Dikii Hi- 
erarchies 



A solution method for the hierarchies studied above was discussed for the 
hidden KdV hierarchies in |^ and some solutions were exhibited there. The 
main idea is that taking a particular /-GD wave function (1 = 2 for M.^m 
and / = 3 for tM*^^)) the constraints imposed by the absence of some orders 
in Wres(sr) determine differential equations for the functions hi associated 
with the submanifolds M.m and AA^'^^ satisfying ( |4.4D . If these equations can 
be solved, they lead to solutions of the corresponding hierarchy. In general, 
these differential equations are too complicated to be solved. Nevertheless, 
we may provide appropriate methods of solution directly based on the Grass- 
mannian. To this end it is required an element W of Gr associated to a wave 
function if) for the Z-Gelfand-Dikii hierarchy, such that the functions of W 
admit meromorphic expansions in the disk Dq = <C — D^o with fixed poles 
Aj, i = 1, . . . , n of maximal orders Vi, i = 1, . . . ,n. Under these conditions 
any linear functional on W of the form 



ELL ■' Uu 



admits a representation 
l{w)- 



w{\)w{\) 



dX 

27riA' 



(4.21) 



with a finite order function w. For example in the case = 1, Vi = 1, . . . , n 
we have 



1 d"w 
n\ dA" 



A 



(A - qY^ 



n 



A-A,: 



w{k) 



dX 
2mX' 



Proposition 3 Given W & Gi associated to a wave function tjj for the KdV 

hierarchy and a linearly independent set of m functional {k}iLi such that 
for certain numbers Cij 

W C Ker{X% - ^ djlj) , ^ = 1, . . . , m, (4.22) 

3 
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where (A^/j)(w) = li{\^w). Then, a submanifold A4m satisfies l \4-4\ ) ^/ 

h{^{t,X)) = 0, 1 = 1,... ,m, (4.23) 

for allte M^. 

Proof: Let {wi : z = 1, . . . ,m} be the functions representing the function- 
als k . From (|4.22| ) it follows that 

X^Wi = ^ CijWj + Ui, i = 1, . . . ,m, 

j 

where Ui are elements of W. Moreover, from ( [4. 211 ) we have that the equations 
([4.23|) are equivalent to 

Wi(A)^(t, A)-^ = 0, i = l,...,m. 
Therefore, if t2i-i = &i(*2m+i); = 1, • • • ,m are the functions characteriz- 

(2) 

ing the parametrized submanifold Aim , then, the restricted wave function 
4'(yS2m+i, A) generates a subspace VFres such that 

Wres = W® span{wi, i = 1, . . . , m}. 

As a consequence 

v.d.(Wres) = v.d.(W) - m = -m. 

Moreover, it is known ||38| that the virtual dimension of a subspace W does 
not change under the action of an invertible multiplication operator. Then, 
by taking (|2.32|) into account we have 

Index dwj-Qs{s2,^+i) = v.d.(iyres(«2m+i)) = v.d.(PVres) = -m. 
Hence, it is easy to deduce that 

^Wres(«2-+i) = N - {1, 3, . . . , 2m - 1}, 

so that the statement follows at once.D 
In the same way one proves: 
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Proposition 4 Given W associated to a wave function ip for the Boussinesq 
hierarchy and a non-trivial functional I on W verifying 



W C Ker{kH-d), 
for a certain number c. Then a submanifold Ai^^^ satisfies ( U-4 ) if 

im,X)) = 0, (4.24) 

for allte M^^l 

These results allow us to determine the functions hi = bi{Sj.) from con- 
straints of the types (|i:2^)-(|4:2^). 

We devote the rest of the section to illustrate this method by constructing 
some solutions. We concentrate first on the hidden KdV hierarchies. Our first 
example is based on the subspace W E Gi of boundary values of functions 
w = w{X) analytic on the unit disk |A| < 1 , with the possible exception of a 
single real pole — 1 < g < 1 and such that 

X'^WcW and Res{w,q) = cw{-q), 

for a given c > 0. This subspace determines a KdV wave function 

^{t, A) = exp(> - A--^t2n-i) ( 1 + , ait) 



n>l ^ 



X-qJ 2q + c{t) 



where 

c{t) :=cexp ( -2Eg2n-i^2„-i 

\ n>l 

We may construct solutions of the KdVa hierarchy from W by means of the 
functional 

which obviously satisfies X^l = 0. The implicit equation l{ip{t, A)) = reads 

ti(l-^) = #. 
q q^ 
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By introducing the new variables 

y := 2gti, x := S3, 



the equation reduces to 



y + z = \og 



■ 1 2 ■ 
2q qy^ 



(4.25) 

1, 2), while for g < it 



For g > it defines two branches y^*^ = 2qb^^\z 
leads to only one branch y^^^ = 2qb^^\z). Moreover, from ( ^.25| ) we have 

dy . 4 
dz 



{y + 2y 

This relation together with ( 4.10 ) leads to the following expressions for the 
corresponding solutions of the KdVs hierarchy 

y{y + A){y^ + Ay - A) 



uo = 8q' 



ui = q 



U2 



{y + 2f 
^y{y + A:){y^ + Ay 



(Z/ + 2) 



(4.26) 



-2q 



2l/(y + 4) 



{y + 2y 

They represent coherent structures which propagate freely without deforma- 
tion. In the case of y^^^ it determines a singular solution. 

More general solutions of this type can be defined by increasing the num- 
ber of poles. Thus, one may take the subspace G Gr of boundary values of 
analytic functions w = w{X) on the disk |A| < 1, with the possible exception 
of n single poles at given real numbers (0 < < 1 i = 1, . . . , ra) and such 
that 

X'^W C W and Res{w, qi) = Ciw{—qi), 
with Cj > 0. The corresponding KdV wave function reads 



V^(t,A) = exp(5^A2"-4 



2n-l 



n>l 



1=1 
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where the coefficients satisfy the system 

a.(t)+c.(t)V^^ = Q(t) 
~t + 1j 

with 

Ci{t) :=Qexp(-2^gf-it2n-i). 

n>l 

By using again the functional l{w) = w'{0), the imphcit equation l{ip) = is 
now 

\ 3=1 / j=l 

It can be shown that the corresponding solutions of the KdVs hierarchy rep- 
resent composite structures which decompose asymptotically into solutions 
of the form (WM) - 

Another kind of solutions is obtained by considering the subspace W E Gr 
of boundary values of analytic functions w = w{X) on the disk |A| < 1, with 
the possible exception of a single pole at A = and such that 

X'^W C W and w{q) = cw{-q), 

for given c > and g G M such that — 1 < g < 1 . The wave function is 

A) = exp(5^ A2"-H2„-i)(l + ait) = g^^TI' 

n>l ' 

where 

c{t) :=cexp(-2^g2n-i^^^_^^_ 

n>l 

Solutions of the KdVa hierarchy can be derived by taking the functional 

, dw, , dw, , 

which verifies 

W ^Ker{\H-qH). 
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The implicit equation l{jp{t, A)) = leads to 

x:(2„+i)rt„„=^(.w-ji^). 

By introducing the new variables 

1/ — 2 Y.n>Q 9^"^^ Wl - log C, X := S3, 

z := Aq^x + log c + 4 Y.n>2 nq'^'''^^S2n+i, 
the equation reduces to 

y + z = — sinh y. 
It defines one implicit branch y = y{z) which satisfies 

_ 1 
dz 1 + cosh y 

iFiom. this relation and ( [4.10| ) we get the following expressions for the asso- 
ciated solution of the KdVs hierarchy 



Mo 



4g6 



cosh^ I 



2 



cosh^ I cosh^ I 



U2 



They again represent coherent structures propagating freely and without 
deformation. 

The same strategy can be applied for characterizing solutions of the hid- 
den Boussinesq hierarchy. Let us first take the subspace G Gr of boundary 
values of functions w = w{X) analytic on the unit disk |A| < 1, with the pos- 
sible exception of a single pole q and such that 

X^W C W and ^(0) = 0. 

dA 
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This subspace determines a wave function for the Boussinesq hierarchy given 
by 

i^{t,X) = g{t,X)(l+ 



{l + qt,){k-q) 



Consider now the functional 



which obviously satisfies ■ / = 0. The equation l{ip{t, A)) = implies 

qtl + 2ti - 2qt2 = 0, 

so that one finds the following explicit solution of the hidden Boussinesq 
hierarchy 

— 12g^ _ q3 

■*^0 = (l+2g2a;)2 ' ■'^l = (l+2q2%i/2 : 

Other solutions can be generated by starting with the same subspace 
W E Gr and by taking the functional 

In this case 

XH{w) = 24^(0), 
so that W C Ker{X^l). The constraint l{ip{t, A)) = takes the form 

qht + ^Hl + 4g(2 + qH2)tl + 8(1 + qH2)ti - Aq'^{2U + tl) = 0. 
A particular solution ti — 61(52) of this equation is 



61 = -- + -^-1 - 2?2s2 + 2^1 + 2g4s4 + 2g2s2 + 254^2 



It can be seen that the corresponding solution, as a function of x , is globally 
defined on M only for S4 > —4^, otherwise its domain is M — [— 5^(1 + 
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